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Abstract

This paper explores the existence of solutions for the conformable integro differential equations of fractional
order with infinite delay in Banach spaces by making use of Contraction mapping, the fixed point techniques
Leray Schaudernonlinear alternative and Schafer fixed point theorem.
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1.Introduction

Liouville and Riemann revealed the fundamental representation of the fractional derivative at the end of the
nineteenth century. The idea of a non-integer derivative and integral, as opposed to the conventional integer
order differential and integral, was first introduced in 1695. In the same year, Leibniz was questioned by
L'Hopital on a specific notation for the nth-derivative of the linear function f(x) = x, d"/(dx") when n = 1/2.
Study of L'Hopital's and Leibniz's fractional calculus was initially primarily restricted to the best
mathematicians.Few mathematicians likeFourier, Euler, and Laplacehave experimented with fractional
calculus and its mathematical ramifications.Their own notation and method was revealed for defining the
concept of a fractional order integral or derivative. Two of the most well-known definitions in the area of
fractional calculus are the Riemann-Liouville definition and the Grunwald-Letnikov definition. The
mathematical theory necessary for studying fractional calculus was created at the turn of the 20th century.
They offer a potent tool to link the memory of various substances and the environment of the heritage. A
power law memory kernel of the nonlocal interactions can be used to produce generalised and non-integer
order differential equations in time and space known as fractional order differential equations. Many physical
phenomena, including nonlinear seismic oscillations, control systems, elasticity, electric drives, circuits
systems, continuum mechanics, heat transport, quantum physics, fluid mechanics, and signal analysis, make
use of FDE.For basics of fractional systems one can make reference to the books [3,9,15] and
papers[1,2,7,8,13,14] and the references cited therein.
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In the study of qualitative as well as quantitative theory for functional differential equations, phase space is a
fundamental idea. Hale and Kato introduced the seminormed space obeying appropriate axioms in chapter
four [4]. (see also Benchorra et.al [17] and Y.Zhou et.al [18]). We advise the reader to read Hino et albook .'s
[5] for a comprehensive discussion on this subject
R.Khali.et.al [10] has introduced the conformable fractional differential operator and the rapid development
of conformable fractional differential equations has been made see [11,12,21,22,23],and the references
therein.
In this paper we are concerned with the existence of mild solutions of CFID with infinite delay of the form
u(t)=Y(t) ; te (-, al (1.1)-(1.2)
T+ [u( ©)-k(t,s,us)]= g(t, us ,fatE(tt, s,ug) ds
wherey: (—o,a] - X , k,g:] x Bx B — X are given |continuous functions and B is called a phase space
that will be specified later and J=[a,b]
2.Preliminaries:
The Banach space of all real continuous functions on X wjth the norm is C(J,X).

llx]l. = szg)lx(t)l

t
By L!(X) we denote the Banach space of measurable functions x:J—R with are Lebesgue
integrable, equipped with the norm.

T
[|x]|L* =j x(t)dt
0

For the purposes of this work, we assume that the Phase space (B, ||.||B) is aseminormed linear space of
functions mapping (—o, a] into X, and that it satisfies the following fundamental axiomsintroduced by Hale
and Kato [4]
(A-DIf u :(-o0, a]—R, and uo€ B, then for every te [0, a] the following conditions hold:
(i) uds in B,
(ii) lluellp <K() supllu(s)ll: 0 <s <t + P(t)lluolls
(iii) lu(@®Il <Hlluclle,
where H > 0 is a constant, K : [0, b]— [0,00) is continuous, P: [-c0,a) — [-0,a) is locally bounded andH,K,M
are independent of u(-).
(A-2) For the function u(-) in (A-1), uis a B-valued continuous function on [0, b].
(A-3) The space B is complete.
Definition:2.1
The conformable fractional derivative of order 0<r<1 starting from a of the function x:J-R
is defined by,
TN, X(t):u(t+h(t—a)1‘r)—u(t)

Particularly, if u is differentiable, then
T xX(0) = (t — @)@ S u(t)
Definition:2.2 (Conformable fractional integral)
The conformable fractional integrals of order r> 0 of a function x:J=R is defined by,
I X (1) =f0t(s —a) Vx(s)ds, te]
Example:2.1
ForO<r<1 and 1 €R, we have
Ty 1=0, T,"t"= AtA7)
Tore/ltt =l T eAt , tef
Lemma:2.1
Let 1< r>0,and ue C(J), then T I X(t)=X(t). Further, if x is differentiable on J, then
Tar as X(E)=X(T)-X(a).
Definition:2.3
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A mapping F:X — X is said to be contraction if there exists a real number k, 0<k<1, such
that ||F(w) — F@)|| <k|lu — v|| for all u,ve X. Note that ||. || indicates a norm in X.
Definition: 2.4Banach fixed point theorem
If X is a Banach space and F:X — X is a Contraction mapping then F has a unique fixed point.
Definition: 2.5Krasnoselskii’s fixed point theorem
Lety,,x, be two operators satisfying,
a) y4is contraction and
b) x,is completely continuous.
Then either,
i)The operator equation y; X+y,X=X has a solution or

ii)The set n = {uex: uyx, G) + uy, u = u} is bounded for u € (0,1).

We will now present the idea of mild solution u € B of (1.1)-(1.2).This equation is equivalent to
the subsequent integral equation

u(®) =y(g) ; te (-, 0]
P(a)-k@, Us KT, ue , [ E((L s, us)ds)+ [ (s — a)¥ g(tus, [ E(L, s, us)ds); te [0, a]
Let x(+) { (—oo, a]—R be the function defined by

x(t) =0{ if te [0, a],

P (1), if te (— o, 0].
Then xo= . For each yeC([0, a],X) with y(0) = 0, we denote by ythe function defined by

y(©) =y(t)} if t € [0, a],

0, if te , 0]

We can dgcompose u(-) as u(t) = y(t) + x(t), 0 < t <a, which implies = y:+ x;, for every
0 < t <a.Set Co={u€e C([0,a],X): up=0} and let ||.||,be the seminorm in C, defined
byllully =lluollp + Sup{lu(®)] : 0 <t <a}=Sup{lu(®|:0<t<a}forueCo

3. Existence Results:
The existence of solutions for the structure (1.1)—(1.2) under various fixed point theorems is presented and
demonstrated in this section.
Now we list the assumptions that come next.
Hypothesis:
H1) k:JxBxB-X is continuous and we can find functions Li,L, € C[J,R*] in a way that,
lk((t, &, x) — k((t, ¢, ylI<Lall§ = {lls+Lallx — ylls and
lk((E, S, ONI<LuIS ]|
H2) g:JxBxB-X is continuous and we can find functions Ls,Ls € C[J,R"] in a way that,
lg((t, &, x) — g((t, ¢, ylI<Lsll§ = Clle+Lyllx — ylls
H3) E:JxBxB-is continuous and we can find functions L.T€ C[J,R*] in a way that,
lE((ts,x) — E(t s, ylI<LeTllx — ylle
H4) The function ®(t):J— R+ is determined by,
O((t)= K[(L1+L2TLe)+(Ls+LaTLe)]t € J,0<D(T)<1
Theorem:3.1
Assume that the conditions (H1)-(H4) hold and u € X.Then the problem(1.1)-(1.2)
has a unique mild solution .
The following estimates are based on the aforementioned hypothesis.

[Ik((t e + x¢, fOtE(tt, S, ug + x5 )ds)- k(tug + xt,fot E(t,s,U; + x5)ds)||s
Lallur- @l Lallfy E(Ls,us + %) - Es, T +x:)ds e
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SLa|ur-"re[+LaTLel[ug-iells
S(Lat+LoTLe)|lur-wwlls

”fat(s —a)* ! [g (ft, Us + X, f(fE(s, T,U; + xT)dr) -9 (tt,u_s + x, fOtE(s, T,U; + xr)dr>] ds”f fat(s -
Il g ({t, ug + X, fOtE(s, T,u; + xr)dr) I

a)* lds

- t —

-g (ft, U + X, fo E(s,T,u; + xT)dr)
<[ (s — @)*71ds [Lalus “TglhetLoTLe )ty-Tielle]
<[ (s — @) 1ds [(La+LoTLe )|iy-TLrlle]
Therefore,||Zu(t) — Zu(ft)||S[(L1+LzTLe)+(M3+L4TLe)f;(S — a)* 1 ds]|jue- /s
< [(Li+LoTLe)+(Ms+L4TLe) f;(s —a)* 1t ds]K Sz[ip]”u(tt) - u(tt)”B
sel0,t

<0(t) [lu®) - u®]|,

We can deduce that contains a single fixed point u, which is a mild solution of the model
(1.1)-(1.2) on (—o a]from the presumption (H4) and from the perspective of the contraction mapping
principle.
We continue to examine the existence result for the models (1.1)-(1.2).using the Leray-Schauder nonlinear
alternative fixed point theorem.
Lemma 3.1[20,p.135].Let C be a Banach space, E a closed ,convex subset of C,an open
Subset of E and 0 € 1. Suppose that F: U — E is a continuous, compact ( that is, F () is a
relatively compact subset of C) map. Then either
i) Fhas a fixed point in [, or
ii) there is a u € QU ( the boundary of U in E) and A €(0,1) with u=A F (u).
(H1") The function k: JxBxB—X is completely continuous and there exists constants

Mi>0 andM, > 0 such that [[k(t.¢.{)Ilx <Mk (ll@llz + lISlIg)+M; forall (t, ¢, ¢) is
measurable
(H2*) i) There exists a continuous increasing function ¢:[-o, a) —[-o, a) and a continuous
function pi:X—[-0,a) such that [lg(t, ¢, d1lls < pa(t) YISz + lIS11l) forall

(t,{,{1)eJxBxB

ii) There exists a constant V> 0 such that

N
>
£ (€ lwa ) ds '
whereu =1- K M(1+LeT) and Ci=[|y(a) ||+KLkl|ug ||+My
Theorem:3.2
Suppose that the assumptions (H1) through (H4) and (H1*) through (H2*) are true. The model (1,1)-(1,2)
thus has a singular mild solution on (-0, a]

Proof:
Now we develop the subsequent hypothesis
(H5) g: Jx B x B — X is continuous and there exists functions Lqsuch that ||g(t,0,0)||[<Lg
Transform the problem(1.1)-(1.2)into a fixed point problem.Let usrecognize the operator Z:B — B
characterized by,

( Yt € (—ow,a]
(Zu)(tt):i Y(a) —k(a,uq,a) +k (ft, Us, fOtE(tt, s, us)ds)
+ fat(S —a)* g (t us, fot e(s,T,u;)dr)ds t € (—o,qa]

To prove the operator Z is completely continuous, we split the operator Z: B — B .
Presently for t J we split Z asZ, +Z,where,
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t

@O = Y(@) — k(@,uga) +k (tt, wt e, [ B us)ds>
0

t

t
@) = f (s—a)*1g(t, us,.l; e(s, T, uy)dr)ds t € (—o,al

Step:1

ZB.cBfor some r>0. We assert the existence of a positive integer r such thatZB,cB, If it is
not true, then a function for each positive number r ,x'(.)EB.

But Z(x") ¢B:.

[|(Zx™) () ||>r for some t € J, we sustain,

< || (Zx" (D]

< @I+ [l (a, g @) + IK(Cur, fy B s us)ds]|

IS — ) gt ug, [ E(s,T,up)dr)ds|
< li+lh +l3—= (3.1)

L=l (a)
l2 =1k (a, uq Q)
<Lu[uadl

< Klyr
I =[lk(tug, f; E(t,s, ug)ds|
t
‘k(tt, g + xt,f E(t,s,u, + x;)ds ) — k(t, 0,0)H + {1k (t, 0,0)]]
0

SLallug [+Lallf Bt 5,25 + x5)ds]|
<Lalfug [[+LaLe T]lue ||
< K(Lit+LoLe T)r
t _ t
L=, (s — ) g(t, us, [, E(s, 7, ur)dr)ds|
Sfat(s —a)* 1 |g(t, us + xs, fOtE(s, T,U; + X )dt ||ds
<Lafful +|—2||f0tE(t, T,U; + x)d7| f;(s —a)""tds
< SK(LsHLaLeT)r
Therefore (3.1) becomes
IZ )OS 1P (@ |+K Licr+(La+Lole T)r+ [, (s — @)~ ds(Ls+LaLeT)r
<r
Step:2
To proveZ,is a contraction.
1Zu(®) = Ziu@®) < [k(tu, + x, fotE(ft' s, Us + x5 )ds)- k(t,ug + xt!fot E(t,s,us + x5 )ds)|s
< Lillu- @l Lallfy B (L5, us +x5) - E(Ls, 5 + x)ds s
<Laf[ue-tie[+L2T Lel[ug-ty|[s
S(LatLoTLe)|lue-"tlls
<A |u@®—u®)|s [Since K(L1+L,TLe )= A ]

Step:3
Wepshall prove that Z, maps bounded sets into bounded sets.
IZ2u @©) < 11[; (s — % gt ug + x4, f; (5,7, ur + x:)dr)ds|

Sfat(s —a)*||gtus + xq, fOtE(s, T,U; + x7)dT ||ds

<Lalfuell +Lallf, Bt 7,1, + x)de]| (s — @)~ ds

<[1(s — @)*'ds K(La+LaLeT)r+L,
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<r
To prove Y, is equicontinuous
Let &> 0 be small,0< t1<t»< T. For any x € B, ={X € B: |[X||< r}, and t e(—x, a]

R— —_— t _
1Z2x(ty ) - Zox(ty) |IS 7| — @)% ds g(tug + xg, [, ECs, 7, + x,)d0)|
t -
+f0’||(tt1 —a)* ! ds g(t,ug + xs,fOSE(s,T, u; + x)d7)||
t -
Sf01||(ft2 —a)* ds g(t,us + xs, fosE(S,T, u; + x.)d7)||
t -
H N =) ds g(tus + x5, [ (s, 7,7 + x)dD))|
t -
Sy 1@ = % ds g(tus + x5, [, E(s,7,ur + x)dD)|
t — -
<J, [t = a)*'-(t; — ) 1ds|| gt us + X5, f, E(5,7,ur + x)d0)|
t —
(@ — ) ds|lg(tus + x5, ) E(s, 7 + x)dD)|
- Qast,— t,.
which intimates that Z, (.) is equicontinuous . Therefore by Arzela Ascoli theorem , we realize that the
operator Z, is completely continuous.
Step:4
We demonstrate the existence of an open setll cC(I,X) withu & AZ(u) for ue(0,1) and u € JU.
Let ue(0,1) and

Y(a) — k(a,ug,a) +k (tt, U, fOtE({t, S, ug + xs)ds)

u®=41 , te J.

+ fat(s —a)* g(t,u,, fote(s, T,Uu; + x,)d7)ds)

@l < (@Il +lk(a,uq I+ ||k (tu, + 2, f; B s,us + x5)ds)|
+||fat(s —a)* g(tus +xs fot e(s, t,u; + xr)dr)ds”

< (@) I+ KLillug HKM(L+LT) u(s) 1+ My + (s — @)% pa(@)y {llugll+LeTllue}

(@I < =+ [ (s = @) /pa((®) Y& llu()) ds where £ =K(L+LeT)

Then & lu(@)ll < 2 +5- [1(s — )™ pu®) Y& lu(s)l) ds

We contemplate the function specified by wi(t)=sup{&*||lu(s)|: 0<s<t} ,tel
We have w(®) < =2 +5 (s — a)*~/py(@) (€ Iw () ds

Then flw, || < &2 455 lip, L (€ llw, ()l

And consequently we have lw, I

<
EE ) b €l ) ds =
Then by (H2%)(ii) , there exists V" such that ||w;|| # M. We shall define
U={u e C(J,X):[[u|l[<N}

From the option of 2, there is no u e AU u=u Z(u) for some u e (0,1). As a result of lemma 3.1,
we infer that the operator has a fixed point u which is a solution of the given problem on (-o0,a].
Theorem 3.3

Let X be a Banach space, and D:X — X be a completely continuous operator. Then either

i) Dhas a fixed point or

i) Theset Q = {x el : x=u® (x) ,0< A < 1} is unbounded.
Theorem 3.4
Assume that the hypotheses (H1)-(H4) and (H1*) is satisfied. Moreover, assume(H3*)
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There exists functions p,q € C(I,X) such that

g (t, V)1l < p(@)+a(®) (lullp+lviiz) . te J, 1, v € BXB.
Then the problem (1.1)-(1.2) has atleast one mild solution on (-o0,a] provided that

{1-K M(1 + LeT)- K = llqll.p(§)}<1.

Proof:

The operator Z is defined as in theorem 3.1.As in theorem 3.2 we can prove that the operator
Z is completely continuous. Now , we prove that the set

Q={ueB : x=241Z(u),0< u < 1}isbounded.

Let u eQ be any element.Then as in the theorem 3.2, we have each teJ,

lu®Il < C; +K M(1+LeT) IIu(s)|I+fat(s —a)* ! |pll.ds

+ L5 = )" Kllqll. (€ luls)]l) ds

where Ci=[|y(a)||+KLk||ug ||+M, and consequently we have
T® —

lully < Cot—IIpllods {1 — 1, "}

wherep; ={1-K M(1 + LeT)- K =Ilqll.. (¢}

The set is consequently bounded. Z must have at least one fixed point, according to Theorem 3.3. Since the
operator must also have a fixed point, the mild solution of (1.1)- (1.2)

Conclusion

The existence results for conformable fractional integro differential equations (CFIDE) with infinite delay in
Banach spaces have been investigated in this paper using the Banach contraction principle, the Leray-Shauder
nonlinear alternative, and the Schafer fixed point theorem. The need to broaden the research to demonstrate
more qualitative and quantitative characteristics including stability, controllability, and other attributes is
critical given how significant the concept is in illuminating real-world happenings.
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